The Bost-Connes construction Basic data:
• the group U of all roots of unity in C (isomorphic to Q/Z) • the multiplicative semigroup N * of positive integers
• the action of N * on U (raising to powers) Denition: the Bost-Connes C * -algebra is the crossed product C Q = C * (U ) N * .
It is generated over C * (U ) by partial isometries µ n (n ∈ N * ) implementing the action of N * .
Let σ t denote the unique ow on C Q such that σ t (µ n ) = n it µ n and σ t (x) = x for x ∈ C * (U ).
Properties of the Bost-Connes system
• Rational presentation and rational, dense * -subalgebra.
• Gal(Q ab /Q) as symmetry group.
• Phase transition with spontaneous symmetry breaking at inverse temperature β = 1. More specically:
• For 0 < β 1, unique KMS β state, factorial of type III 1 , symmetric.
• For 1 < β < ∞, the space of KMS β factor states is principal homogeneous under Gal(Q ab /Q). These states are of type I ∞ , with partition function equal to the Riemann ζ function without the Γ-factor. Moreover, they satisfy the fabulous property.
Literature (very incomplete summary)
• Harari-Leichtnam (1997) : spontaneous symmetry breaking for any global eld.
• Arledge, Laca, Larsen, Raeburn : semigroup crossed products, Hecke C * -algebras.
• Cohen (1999) : system with the right partition function for any number eld.
• Connes-Marcolli (2004) : theory of Q-lattices, case of dimension 2.
• Connes-Marcolli-Ramachandran (2005) : good system for quadratic imaginary number elds, relation to complex multiplication.
• Ha-Paugam (2005) : extends Connes-Marcolli to Shimura varieties.
• Connes-Consani-Marcolli (2005) : endomotives, connection with Connes's spectral realization of the zeroes of the Riemann zeta function.
Function elds
Denition: A function eld is a nite extension of F p (T ), for some prime p.
Remark : when we write k = F q (T ), we specify not only a function eld, k, but also a special function, T .
Example 2: k = F q (T, T 3 + 1) with q not divisible by 2 or 3. Then k K(C) for C the elliptic curve over F q with projective equation
Analog of the ring of integers: O
• Choose once and for all a function eld k.
• Choose once and for all a place of k, and call it ∞. 
Analog of the complex plane: C ∞ Let k ∞ be the completion of k at the place ∞. 
The rank of an O-lattice is its rank as a locally free O-module.
Here, I O is the set of nonzero ideals of O.
Analogs of trigonometric and elliptic functions
Recall the formula
Similarly, for any lattice L, let
One has
and, for all a ∈ O, a = 0,
For us, a Drinfel'd module is a map φ such that φ = φ L for some lattice L, which is then unique.
O-module structures on C ∞ Let φ be a Drinfeld module, and let L be the corresponding lattice, so φ = φ L .
One shows that e L induces a group isomorphism
Use e L to transfer the O-module structure of
The equation
Points of a Drinfeld module
Denition: The points of φ are the elements of φ(C ∞ ).
Thus, they are nothing but the elements of C ∞ .
Denition: The torsion points of φ are the
Thus, x is a torsion point if and only if
Action of the ideals
Let I O denote the multiplicative semigroup of ideals of O.
One can dene an action of I O on the set of Drinfeld modules:
Moreover, for any pair (a, φ), one can dene a monic polynomial φ a giving a morphism of
This satises
so this really gives an action of the ideals on points.
Sign-normalized Drinfel'd modules (D. Hayes)
Choose once and for all a sign-function, and call it sgn. Put sgn(0) = 0.
Denition: A Drinfel'd module φ is sgn-normalized if there exists σ ∈ Gal(F ∞ /F q ) such that for all a ∈ O, the leading coecient of φ a is equal to σ(sgn(a)).
Theorem (Hayes):
The set H(sgn) of sgnnormalized rank one Drinfel'd modules is nite and stable under the action of the ideals.
The maximal abelian extension (D. Hayes)
Let φ ∈ H(sgn) and y ∈ O − F q .
Denition: Let K denote the extension of k generated by the torsion points of φ and the coecients of the polynomial φ y .
The eld K does not depend on the choice of φ and y. Moreover,
where k ab,∞ is the maximal abelian extension of k that is totally split at ∞.
Note that if ∞ is any other place, then
The duals of torsion groups of Drinfel'd modules
For any φ ∈ H(sgn), let X φ denote the dual group of φ(C ∞ ) tor .
Denition: Let X be the disjoint union of the X φ , for φ ∈ H(sgn).
For a ∈ I O and φ ∈ H(sgn), letting ψ = a −1 * φ, dene a map
• Action of the semigroup I O on X.
• Extends to a partially dened action of F O on X Denition: Let F O denote the enveloping group
Thus F O is abelian and is a group of fractional ideals.
The groupoid G Denition:
with the composition law
and inverse law
G is a locally compact groupoid.
Source and range maps are given by s(χ, c) = χ and r(χ, c) = χ c .
The groupoid C * -algebra C k,∞ Let C c (G) denote the convolution algebra of continuous functions G → C with compact support, endowed with the involution
where π runs over all * -representations of C c (G).
Example of representations: the regular representations of G.
Denition: Let C k,∞ = C * (G) denote the completion of C c (G) for the norm · .
The ow
Dene a ow σ t on C c (G) by
This ow extends uniquely to a ow on C k,∞ .
This ow is strongly continuous: ∀x ∈ C k,∞ , the
is continuous.
Hence the pair (C k,∞ , σ t ) is a C * -system.
The rational subalgebra
For φ ∈ H(sgn) and λ ∈ φ(C ∞ ) tor , dene a function e(φ, λ) ∈ C c (G) by
Denition: Let H denote the sub- * -algebra of C c (G) generated by the e(φ, λ) and the µ a .
Proposition:
The functions e(φ, λ) and µ a satisfy the following relations:
φ e(φ, 0) = µ 1 where φ runs over H(sgn)
Moreover, this is a presentation of C k,∞ as a C * -algebra, and of H as a * -algebra.
Galois symmetry
The Galois group Gal(K/k) acts on X by :
This extends to an action on G and then on C k,∞ .
σ(e(φ, λ)) = e(σ(φ), σ(λ)).
is faithful, continuous, and commutes with the ow σ t .
The Galois-xed sub-C * -algebra Let us dene two sub-C * -algebras of C k,∞ :
Idea of proof: Let dσ be the normalized Haar measure on Gal(K/k). Let E be the map
The Galois-invariant KMS β state
Proposition: For any β (0 < β < ∞), the system (C 1 , σ t ) has a unique KMS β state ϕ β . It satises:
Denition: Extend ϕ β to a state on C k,∞ by letting ϕ β = ϕ β • E.
Proposition: For any β (0 < β < ∞), ϕ β is a KMS β state of (C k,∞ , σ t ). It is the only Galoisinvariant KMS β state.
Idea of proof: It is enough to check the KMS β condition on the dense subalgebra H. It is then an arithmetic computation.
High temperature (1/2) Theorem: When 0 < β 1, the system (C k,∞ , σ t ) has exactly one KMS β state: ϕ β .
Quite long proof, closely follows Bost-Connes's 1995 proof (Neshveyev gave another proof in 2002).
It uses in a non-trivial way:
• The spectral decomposition of C k,∞ for the action of Gal(K/k).
• Connes's criterion relating the innerness of an automorphism of an ITPFI to the convergence of a series.
• The ebotarev density theorem.
• D. Hayes's analog of the main theorem of complex multiplication.
• Connes's noncommutative Radon-Nikodým theorem. • H + is the extension of k generated by the coecients of φ, • K p is the extension of H + generated by the p-torsion of φ, • ζ + O is the partial zeta function over ideals a such that (a, H + /k) = 1,
O is the partial zeta function over ideals a prime to p and such that (a, K p /k) = σ.
